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Superluminal tunneling of an electromagneticX wave through a planar slab
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A study is provided of anX wave undergoing frustrated total internal reflection on the upper surface of a
planar slab separating two dielectric media. It is shown that the peak of the field transferred through the slab
appears to be transmitted at an ultrafast speed. A general analytic solution is derived and is supported by
specific numerical examples that indicate that the transport speed of the peak of theX wave can be much larger
than the speed of light.

PACS number~s!: 41.20.Jb, 73.40.Gk, 84.40.Az
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I. INTRODUCTION

Recently, the study of pulses tunneling through barri
has attracted considerable attention. It has been demonst
that the time taken by a pulse to tunnel through a bar
saturates to a constant value as the thickness of the ba
increases@1–4#. This causes the transmission speed of
pulse tunneling through the barrier region to appear to
superluminal. Although tunneling was originally establish
as a quantum phenomenon, recent experiments demons
that classical tunneling can take place. This is usually d
by transmitting classical pulses through undersized sect
of waveguides@5–14#, or by arranging for optical tunneling
associated with frustrated total internal reflection@15,16#.
Similar results are also obtained for photons tunnel
through dielectric mirrors@17,18#. The apparent superlumi
nal character of the tunneling pulses has initiated a spir
debate about the interpretation of the tunneling time@19–30#
and experiments have been performed to determine the
curacy for different criteria set to define such time@16#. It is
worthwhile to stress the fact that it has been established
the peak of the tunneling pulse is not causally related to
of the incident one. Energy flow analysis shows that the m
contribution to the transmitted field comes from the lead
portion of the tunneling pulse@4,23#. This causes a new pea
to form in that leading part of the pulse, which is not causa
related to the portion of the field containing the peak of
incident pulse. This reshaping of the transmitted waveform
the reason for the apparent superluminal propagation.

In this paper, we study the case of frustrated total inter
reflection of a three-dimensional classical pulse, namely,
X wave@31–35#. TheX wave is synthesized from a superp
sition of polychromatic plane-wave components hav
wave vectors restricted to a conic surface@36,37#. The X
wave is a dispersion free localized pulse that travels in f

*Permanent address: Department of Engineering Physics
Mathematics, Faculty of Engineering, Cairo Universit
Giza 12211, Egypt.
PRE 621063-651X/2000/62~5!/7415~7!/$15.00
s
ted
r
ier
e
e

ate
e

ns

g

d

c-

at
at
in
g

y
e
is

al
e

e

space without spreading out. For the setup shown in Fig
the X wave is normally incident on the interface separati
regions I and II that have refractive indicesn1 and n2 , re-
spectively. If the apex anglej of the spectral conic surfac
characterizing theX wave is chosen to be larger than th
critical angleuc5sin21(n2 /n1), then the spectral plane-wav
components of theX wave undergoes total internal reflectio
Consequently, frustrated total internal reflection takes pl
and evanescent fields are generated in region II. For a
slab, the evanescent fields mediate the transmission of tX
wave into region III. In this paper, we are primarily inte
ested in the behavior of the transmittedX wave. We demon-
strate that the time taken by theX wave to tunnel through a
thin barrier saturates as the barrier thickness increases.
shown that an increase in the barrier thickness causes
central portion of the transmitted pulse to enlarge in addit
to the expected decrease in the amplitude of the tunnelinX
wave. One should note, however, that the ‘‘fattened’’X wave
transmitted into region III is still dispersion free and does n
spread out as it travels away from the slab.

A simple analytical solution is obtained for the tunnelin
of a three-dimensionalX wave through a planar slab. Th
deduced results explicitly represent the tunneling of a cla
cal electromagnetic pulse in (311) space-time dimensions
This eliminates unrealistic effects arising in one- or tw
dimensional analyses, e.g., the unrealistic long tails ass
ated with two-dimensional~2D! pulses@38#. Moreover, the
3D analysis allows us to study the effect of tunneling on b
the axial and lateral widths of the transmitted pulse. T
current investigation is geared towards the study of the t
taken by the peak of anX wave to tunnel through slabs o
different widths. Furthermore, this investigation comp
ments other studies of the behavior of the reflection a
transmission ofX waves from planar multilayered medi
@39–41#. This paper aims at making use of the extend
focus depth of theX waves and their ultrawideband spectr
content in applications involving high-resolution imagin
and detection of buried objects.

The plan of this paper is to solve for the field of anX
wave transmitted through a planar slab. This is done in S

nd
7415 ©2000 The American Physical Society



ic

u
I

in
a

e

g-
t-
er

c-

rm

eld
it-
er-

ng
by

s of

s-

of
lin

th
th
tha

7416 PRE 62AMR M. SHAARAWI AND IOANNIS M. BESIERIS
II where we consider the case of normal incidence for wh
all spectral components of theX wave undergo frustrated
total internal reflection. In Sec. III, we present specific n
merical results. Concluding remarks are provided in Sec.

II. ANALYSIS

Consider the schematic representation of theX wave
given in Fig. 1. The apex angle of the conic surface defin
the wave vectors associated with the spectral plane-w
components of theX wave is chosen so thatj.uc
5sin21(n2 /n1). For propagation along the positivez direc-
tion, transverse electric~TE! polarization of the plane-wave
components of theX wave is achieved by working with th
following vector Hertzian potential@42#:

PW TE~rW,t !5C~rW,t !uW z . ~1a!

The electric-field intensity can be readily obtained, viz.,

EW ~rW,t !52Z0¹W 3]ctPW TE~rW,t !, ~1b!

whereZ05Am0 /«0, assuming that the medium is nonma
netic. For anX wave normally incident on the slab, the Her
zian potential is defined in terms of a fourfold Fourier sup
position as

FIG. 1. TheX wave incident normally on the upper surface
the slab. TheX wave can be viewed as pulsed plane waves trave
along a conic surface having apex anglej. The axial width of the
incident~transmitted! pulse is proportional toa(Ld). The region of
intersection of the pulsed fields yields the peaked portion of
field of theX wave. The darkened areas in the diagram indicate
the transmitted pulse acquires axial and lateral widths larger
those of the incident pulse.
h

-
V
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C~ i !~rW,t !5E
R1

d~v/c1!E
R3

d3kWA~kW ,v!

3e2 ivte1 i ~kxx1ky1kzz!d@~v/c1!22kx
22ky

22kz
2#,

~2a!

wherec15c0 /n1 is the wave speed in region I and the spe
tral amplitude is given by

A~kW ,v!5
1

p
~v/v0!me2~v/c1!ad@kz2~v/c1!cosj#, a.0.

~2b!

The integrations in Eq.~2a! can be carried out explicitly to
give themth order scalarX wave solution; specifically,

C~ i !~rW,t !

5
G~m11!

~v0 /c1!mA$r2 sin2 j1@a2 i ~z cosj2c1t !#2%m11

3FS m11

2
,2

m

2
,1,

3
r2 sin2 j

r2 sin2 j1@a2 i ~z cosj2c1t !#2D . ~3!

Here,F is the hypergeometric function@43#. For integer val-
uesm5m, the above expression assumes the following fo

C~ i !~rW,t !5~v0 /c1!2m]a
m

3~$r2 sin2 j1@a2 i ~z cosj2c1t !#2%21/2!.

To determine the Hertzian potential associated with the fi
transmitted into region III, one has to determine the transm
ted plane-wave components contributing to a Fourier sup
position similar to the one given in Eq.~2a!. For frustrated
total internal reflection, the transmission coefficient relati
the spectral amplitudes in regions I and III is given
@15,44,45#

t~kW ,v!5
i2Kkz

~kz
22K2!sinh~Kd!1 i2Kkz cosh~Kd!

, ~4!

where K5(v/c1)Asin2 j2n21
2 5(v/c1)L and n215n2 /n1 .

Furthermore, we have used the definition of apex angle
theX wave vectorskW to substitute sinuk5sinj in the expres-
sion for K. The Hertzian potential associated with the tran
mitted field acquires the following form:

C~ t !~rW,t !5E
Rt

d~v/c1!E
R3

d3kW t~kW ,v!A~kW ,v!

3e2 ivte1 i @kxx1kyy1kz~z2d!#

3d@~v/c1!22kx
22ky

22kz
2#. ~5!

The three integrations overkW are carried out analytically to
give
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e
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C~ t !~rW,t !5E
0

`

d~v/c1!~v/v0!mJ0@~v/c1!r sinj#e2~v/c1!$a2 i @~z2d!cosj2c1t#

3
i2L cosj

~cos2 j2L2!sinh@~v/c1!Ld#1 i2L cosj cosh@~v/c1!Ld#
. ~6!

One should note that for (v/c1)Ld@1, the two terms sinh@(v/c1)Ld# and cosh@(v/c1)Ld# are approximately equal to
0.5 exp@(v/c1)Ld#. If most of the significant spectral components contributing to the integrand in Eq.~6! obey this condition,
the integration can be performed analytically@cf., Eq. ~6.621.1! in Ref. @43## to give the following approximate expression

C~ t !~rW,t !>
i4G~m11!L cosj

~v0 /c1!m~cos2 j2L21 i2L cosj!A~r2 sin2 j1$a1Ld2 i @~z2d!cosj2c1t#%2!m11

3FS m11

2
,2

m

2
,1,

r2 sin2 j

r2 sin2 j1$a1Ld2 i @~z2d!cosj2c1t#%2D . ~7!
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For barrier thickness satisfyingLd.a, the axial and latera
widths are determined byLd instead ofa. Consequently, the
transmitted pulse acquires lateral and axial widths that
larger than those exhibited by the incident field. This resu
confirmed in the next section where specific numerical
amples are considered. Another interesting feature infe
from the expression given in Eq.~7! is that the ratio between
the amplitudes of the peaks of the incident and transmi
pulses is equal to (a/Ld)m11. Consequently, the decay i
the peak of the pulse traversing the tunneling region va
algebraically with the width of the slab. This should be co
trasted with the common view that evanescent fields lea
exponentially fast roll off in the tunneling region. For theX
wave, the amplitude of the transmitted pulse starts falling
quickly when Ld becomes comparable toa. Any further
increase in the width of the slab causes small changes in
amplitude of the peak of the transmitted pulse. This co
allow for ultrafast transmission over extended tunneling d
tances.

III. NUMERICAL RESULTS

Consider the case of anX wave normally incident on the
interface separating the two regions I and II, for whichn1
51.3 andn251.0. TheX wave is characterized by the ape
angle j551°, and the parametera50.05 m. Note thatj
.sin21 and n21550.285°; thus, the spectral plane-wa
components of theX wave will undergo frustrated total in
ternal reflection. A surface plot of the incidentX wave is
provided in Fig. 2 atc1t5250 m. For the pulse shown in
Fig. 2, we have usedm51/2 and (v0 /c1)51/a. In Fig. 3,
we display the pulse transmitted through a slab of widthd
50.2 m. The figure confirms the predicted ‘‘fattening’’ o
the transmitted pulse. This ‘‘fattened’’ pulse propagates
region III without any further spreading out, i.e., the tran
mitted pulse retains its localized character while propaga
in region III. Furthermore, one should note that the peak
the pulse is shifted forward relative to the rest of its field.
order to clarify this point, we compare in Fig. 4 plots of th
axial profiles of the transmitted pulses ford50 and d
50.2 m. The former corresponds to the case of having
slab, or to that of anX wave propagating in a continuou
re
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medium having refractive indexn1 . The peak of such anX
wave is positioned atz0 and that of the tunnelingX wave is
found atzm . As can be seen from Fig. 4, the peak of t
pulse transmitted through the slab is located in front of
peak of the pulse traveling in the dielectric material. Th
behavior is due to the reshaping of the pulse in
evanescent-field or tunneling region. If one is only interes
in the peaked regions of the field, then the pulse appear
have traveled at a superluminal speed inside the tunne
region. In Fig. 5, we compare the axial profile of the fre
spaceX wave to a tunneling pulse witha50.01 m. The same
behavior illustrated in Fig. 4 is seen, however, the decay
the amplitude of the tunneling pulse is greater. This fas
decay can be explained by the fact that larger bandwid
correspond to smaller values ofa. Thus, the cutoff intro-
duced by the exp@2(v/c1)Ld# factor arising from the trans
mission coefficient removes larger portions of the spectr
whena is small. This establishes the fact that the decreas

FIG. 2. Surface plot of the incidentX wave evaluated atc1t5
250 m. TheX wave pulse hasa50.05 m, j551°, m50.5, and
(v0 /c1)520 m21.
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the amplitude of the transmitted pulse depends on the m
nitude ofa in comparison toLd.

In order to quantify the results discussed in the preced
paragraph, we proceed with the following approxima
analysis. We assume that the propagation of the transm
pulse in region III is constant and is equal toc1 /cosj. At
time t, the peak of the pulse reaches pointzm after tunneling
through a slab of thicknessd. The tunneling timet can be

FIG. 3. Surface plot of the transmittedX wave field evaluated a
c1t550 m. The incidentX wave is the same one shown in Fig.
The slab width isd52 m and the refractive indices aren151.3 and
n251.

FIG. 4. The axial profiles of the amplitudes of transmitted pul
for d50 ~solid line! andd50.2 m ~broken line!. The two profiles
were evaluated fora50.05 m. The right~left! axis represents the
amplitude of the pulse ford50.2 m (d50).
g-

g

ed

evaluated by using the following simple expression:

c1t5c1t2~zm2d! cosj. ~8!

Consequently, the tunneling speed assumes the follow
form:

~v tun/c1!5
d

c1t2~zm2d! cosj
. ~9!

To have a feeling of how fast the peak of theX wave is
transmitted through the slab, we have plotted the differe
(zm2z0)2d for different values ofd. The quantity (zm
2z0) is the forward displacement of the peak for a thickne
of the slab equal tod. The difference (zm2z0)2d thus pro-
vides an estimate of the amount of forward displacemen
the peak of theX wave relative to the width of the slab
Obviously, a zero difference suggests that the tunne
speed of the peak of the pulse appears to be infinite. On
contrary, very small differences compared tod indicate ul-
trafast transmission through the slab. The plots in Fig
show that the forward shift in the position of the peak of t
transmittedX wave is almost equal to the width of the sla
Since the speed of the peak in region III is constant,
results, illustrated in Fig. 6, indicate that the forward sh
occurred in the region of the slab through which transmiss
is extremely fast. The negative values of the difference (zm
2z0)2d show that the tunneling time is very short but n
equal to zero. Furthermore, one should observe that the
in the position of the peak is larger fora50.01 m. This is the
case becausea/sinj determines the axial width. Therefore,
slab having a specific thickness would appear wider fo
pulse having a shorter axial width.

s

FIG. 5. The axial profiles of the amplitudes of transmitted puls
for d50 ~solid line! andd50.2 m ~broken line!. The two profiles
were evaluated fora50.01 m. The right~left! axis represents the
amplitude of the pulse ford50.2 m (d50).
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The preceding argument is supported by evaluating
tunneling velocity given in Eq.~9! for a50.01 and 0.05 m.
In Fig. 7, we provide plots of the tunneling velocityv tun/c1
versus the slab widthd. The speed of transmission of th
peak of the pulse through the slab appears to be 10–17 t
faster thanc15c0 /n1 . The tunneling speed of a pulse ha
ing a50.01 m is higher than that of anX wave havinga
50.05 m. The reason for this is that for a fixedj value there
are only two length scales, namely, the width of the slad
and the size of the peaked portion of theX wave determined
by a. For a smallera, the slab appears to be wider. As suc
the plot fora50.01 m would be similar to that correspon
ing to a50.05 m calculated for slabs that were 5-tim
wider. In Fig. 7, the solid lines represent cubic regression
the velocities calculated using the numerically evaluated
crete positions of the peaks. The irregularity in the distrib
tion of the various points are due to errors introduced by
computed discrete positions of the peaks that are slig
different from their real locations.

Finally, we would like to comment on the origin of th
fast transmission of the peak of theX wave in the tunneling
region. It is well established that the peak of anX wave
traveling in free space is superluminal@31–33#. For example,
the parameters chosen in the previous examples givev1
5c0 /n1 cosj51.22c0 . The superluminality of the peaks o
the X waves arise from the interference of plane wav
propagating along wave vectors situated on a conical surf
The plane-wave components of theX wave travel at the
speed of light, while the speed of their interference pea
superluminal. This superluminal speed is directly related
the apex angle of the conej. For a cone anglej;p/2, the

FIG. 6. Plots of the difference (zm2z0)2d vs the slab widthd.
The quantity (zm2z0) is the amount of forward displacement of th
peak for a specific slab thicknessd. The difference (zm2z0)2d
provides an estimate of the amount of forward displacement of
peak of theX wave relative to the width of the slab.
e
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,
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speed of the peak of anX wave approaches̀. At this stage,
we should recall that the evanescent fields generated o
interface separating two semi-infinite regions propagate
directions parallel to the interface and do not have com
nents normal to it@39#. For anX wave, these component
traveling parallel to the interface correspond to a flat co
havingj5p/2. Nonetheless, infinite speed of transmission
not observed in this situation because the width of the sec
region is infinite. For a slab of finite width, frustrated tran
mission occurs through region II. In order for that transm
sion to take place, there should be a small but finite-ene
transfer in the direction normal to the interface. Within su
a framework, the evanescent fields can be perceived as
eling at very small grazing angles to the interface. The
angles become smaller and approach zero as the widt
region II is increased. In region II, the spectral cone of anX
wave undergoing frustrated total internal reflection wou
thus have an effective anglejeff;p/2 in region II. Figure 8
shows that this effective angle gets closer top/2 as the width
of the slab is increased. Hence, the effective speed of tr
mission through region II increases for wider slabs and
be several times as fast as the speed of light in vacuum.
picture provides an interesting qualitative explanation of
extremely fast superluminal transmission of the peak of aX
wave undergoing frustrated total internal reflection. Ho
ever, one must emphasize thatjeff is a mere construction
because the evanescent field components are not repres
by homogeneous plane waves propagating in thez direction.

IV. CONCLUDING REMARKS

We have studied the transmission of a three-dimensio
X wave undergoing frustrated total internal reflection. To t

e

FIG. 7. Plots of the tunneling velocity (v tun/c1) vs the slab
width d. The solid lines represent cubic regressions of the ca
lated velocities.
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best of our knowledge, this is the first three-dimensio
analysis of this kind. The results of our calculations simul
accurately the behavior of classical pulses tunneling thro
planar slabs. Realistic outcomes like the ‘‘fattening’’ of th
transmitted pulse could have been obscured in two- and
dimensional studies. We have demonstrated that a tunne
X wave would effectively be transmitted through region II
speeds that can reach several times the speed of ligh
vacuum. The results of this paper are quite general and
same analysis is applicable to any pulses or beams w
spectral components have wave vectors confined to c
surfaces, e.g., focus wave modes, and Bessel beams@33,46–
49#. Optical sources capable of generatingX waves, as well
as other similar wave fields, have been reported@50–53#.
This makes it possible to test experimentally the predicti
of the analysis presented in this paper. Experimental diffic
ties arise due to the largej angle needed for the inciden
field. However, this difficulty might be circumvented by u
ing obliquely incidentX waves having smallerj angles. Cal-
culations of tunneling speeds of obliquely incident puls

FIG. 8. Plots of the effective apex angle inside the slabjeff vs
the slab widthd. The solid lines represent cubic regressions of
calculated angles.
l
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must nonetheless be carried out before one can assert
similar results will be obtained.

There have been claims that the existence of superlum
X waves or of superluminally tunneling pulses, contradi
the theory of special relativity. One should be careful w
such assertions because it appears that superluminality i
sociated only with the peaks of an extended wave field str
ture. The forward shift of such peaks within the distributio
of the whole wave field does not violate special relativity
long as the wave front of the total field is moving at th
speed of light. Another point that needs to be clarified bef
jumping into premature conclusions is the time depende
of the buildup of evanescent fields in region II. In a previo
study of acousticX waves reflected and transmitted from a
interface separating two media, a closed-form expression
the evanescent fields has been deduced@39#. Such an expres-
sion shows that the amplitude of the evanescent field exh
an explicit wave translation in the direction normal to t
interface. A similar behavior in the case of a slab is expec
although the analysis would be quite involved. Studies
this type should give better insight into the nature of t
temporal buildup of evanescent fields.

In this paper, we have emphasized the superluminal
havior of the tunnelingX waves. Our analysis has bee
geared towards the evaluation of the time that the peak of
X wave appears to spend in region II. The results of t
paper can be extended in a number of ways. For example
consider having a dielectric slab with refractive indexn2
,n1 . An accurate measurement of the arrival time of t
peak of the tunnelingX wave gives information about th
thickness of the dielectric slab and its relative permittivi
Obviously, we need to send twoX waves having differentj
angles in order to determine accurately these two quanti
A similar concept has been investigated in connection
parameter characterization of multilayered media using
reflections of two differentX waves@40#. Another possible
extension of the current analysis is to study the tunneling
X waves through two slabs separated by a large dista
There have been reports that the transmission speeds o
pulses through two barriers is independent not only of th
widths but also of the distance between them@54#. This can
produce extremely fast transmission speeds much larger
the speed of light. It should be of interest to see if the sa
results hold for 3DX waves.
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